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The dynamics of an orbiter around planetary satellites are modeled using Hill’s equations perturbed by the
nonsphericity of the satellite. Classically, the long-term behavior of this problem is studied by averaging techniques.
The double-averaged problem is integrable. However, up to second order, it presents a symmetry of direct and
retrograde inclination orbits that do not exist in the original problem. Lie transforms are used to reduce the problem
to an integrable one, with the transformations performed up to third order where the inclination symmetry is
broken. Then, by the use of the double reduced space, which is a sphere, a full description of families of frozen
orbits and their bifurcations is given. Saddle-center and pitchfork bifurcations related to stable, frozen orbits are
identified. Finally, for the specific case of a Europa orbiter, the equilibria of the reduced problem are related to
periodic solutions of the nonaveraged problem in a synodic frame.

Nomenclature
a = semimajor axis (orbital element)
e = eccentricity (orbital element)
f = true anomaly
G = modulus of angular momentum vector

(Delaunay variable)
g = argument of perigee (Delaunay variable)
H = projection of angular momentum vector on symmetry axis

(Delaunay variable)
H = Hamiltonian function
h = argument of node in rotating frame (Delaunay-type

variable), � − l ′

i = inclination (orbital element)
J2 = satellite’s nonspherical coefficient
K = Hamiltonian of Lidov–Kozai model
L = conjugate momentum to mean anomaly

(Delaunay variable)
l = mean anomaly (Delaunay variable)
l ′ = mean anomaly of perturbing body
n = mean motion of orbiter
P2 = Legendre polynomial of degree 2
p = semilatus rectum
r = distance from orbiter to origin
u = argument of latitude, f + g
W = effective potential
X = (X, Y, Z) conjugated momenta to x
x = (x, y, z) position vector of orbiter
α = equatorial radius of satellite
β = ratio between J2 and third-body perturbations
δ = auxiliary function; defined in Eq. (15)
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ε = fictitious small parameter
η = eccentricity function
µ = gravitational parameter: gravitational constant times

mass of body
ξ j = coordinates in sphere, j = 1, 2, 3
� = argument of node (orbital element)
ω = angular velocity of rotating frame

Introduction

T HE proposed Jupiter Icy Moons Orbiter mission1 to the
Galilean satellites motivates renewed interest in the study of or-

bital dynamics around planetary satellites. The main features of the
dynamics close to the planetary satellite are described using Hill’s
model.2 A more realistic model was proposed by Kozai,3 in appli-
cation to the motion of a satellite of the moon, that also accounts
for the perturbation of the satellite’s nonsphericity. Lidov4 used this
approach to demonstrate the stability of the orbits of the satellites
of Uranus.

Lidov and Yarskaya5 use Hill’s approximation for modeling the
perturbing acceleration due to the third body and take the non-
sphericity of the central body into account by retaining its sec-
ond zonal harmonic. Under the assumption that there are not reso-
nant relations between the frequencies of the satellite and the third
body’s rotations, the Lagrange planetary equations lead to seven
cases where the double-averaged problem is integrable. Of particu-
lar interest is Lidov’s case 3, where the equatorial plane of the planet
coincides with the orbital plane of the perturbing body. This case
was recently used by Scheeres et al.6 for analyzing the stability of
almost-circular orbits around the Jovian moon Europa.

In this work, we use the Lidov–Kozai model for describing the
phase space around planetary satellites. We use a Hamiltonian for-
mulation and resort to general perturbation methods to provide an
analytical theory for the motion of an orbiter around a planetary
satellite, especially for the dynamics of the perigee. However, we
do not constrain ourselves to a simple first-order averaging, and we
provide a full description of the phase space averaged to a higher
order.

We reduce the problem to two degrees of freedom by the classical
Delaunay normalization (see Ref. 7) that averages the problem over
the mean anomaly. A further reduction is performed to remove the
argument of the node. After the nonsymmetry is manifest, truncation
and reduction lead us to an integrable differential system in the
variables g and G that depends on H and L , which, in the reduced
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system, are dynamic parameters. Note that all of the transformations
are developed in closed form of the eccentricity, and, therefore, our
theory is not limited to almost-circular orbits.

The qualitative behavior of the problem for each value L and H on
the parametric plane can be described without the need to integrate
the reduced differential system. Bifurcation lines on the (L , H ) plane
are defined by changes in the number of equilibrium solutions, or
frozen orbits. These lines are obtained as solutions of the nonlinear
algebraic system ġ = 0, Ġ = 0, by classical polynomial algebra. In
each region defined by the bifurcations lines, phase portraits can be
“painted”8,9 for different values of the parameters.

Finally, for the particular case of an orbiter around Europa, we
relate the equilibria of the double-averaged problem to periodic
synodic solutions of the nonaveraged problem previously identified
and studied in Ref. 10, which we believe supports the validity of our
analytic theory. Of course, the validity of our theory is restricted to
a region in phase space close enough to the central body, where we
assume that Hill’s assumptions apply.

Dynamic Model
We consider the motion of an orbiter around a natural satellite

of a planet. The mass of the orbiter is taken to be so small that it
does not influence the motion of both the planet and the satellite,
which are assumed to be in circular orbits about their mutual center
of mass. We further assume that the distance between the centers of
mass of the planet and the satellite is long enough to consider the
planet as a mass point and that the equator of the satellite coincides
with its orbital plane.

When Hamiltonian formulation is used in the planet-fixed rotating
frame, the problem can be written as

H = 1
2 (X · X) − ω · (x × X) + W (x) (1)

and when the planetary perturbation in Hill’s approximation and the
oblateness of the satellite are considered, the effective potential is

W = 1
2 ω2(r 2 − 3x2) − (µ/r)

[
1 − J2(α/r)2 P2(z/r)

]
(2)

Note that a more general Hill perturbed (planar) model has been
recently studied11,12 where the oblateness of the perturbing body
is of relevance. In our case, this is a higher-order effect, and we
safely neglect it. However, because the Cartesian-synodic approach
of Refs. 11 and 12 requires no averaging, it captures the short-
periodic behavior in addition to the secular and long-periodic terms.
Although this approach captures the complete rich dynamic behav-
ior in the vicinity of an oblate satellite, it lacks the physical insight
usually available only through analytical theories.

Details on the formulation of our dynamic model are given in
Ref. 10. In this work we resort to perturbation theory to find a higher-
order analytical solution of Eqs. (1) and (2). Our theory describes the
nature of solutions and explains their dependence on physical and
dynamic parameters. However, the short-period dynamics are lost in
the process of averaging. In Ref. 10, not only the equations of motion
for a large family of initial conditions were numerically integrated,
but so were the variational equations. In addition, the results were
not limited, to a planar problem, and results were presented for
the three-dimensional case. This is of relevance to real missions. A
well-known effect of the third-body perturbation is the change in the
stability of circular orbits related to orbit inclination. The results in
Ref. 10 are used later in this paper to test our third-order averaging.

The Hamiltonian Eq. (1) is made of the Keplerian attraction
HK , the Coriolis term Hω, the third-body perturbation H3b, and
the oblateness perturbation HJ2

H = HK + Hω + H3b + HJ2 (3)

where, in classical orbital elements a, e, i, g, and �,

HK = − 1
2 (µ/a)

Hω = −(µ/a)(ω/n)
√

1 − e2 cos i

H3b = 1
2 (µ/a)(ω/n)2(r/a)2[1 − 3(cos h cos u − cos i sin h sin u)2]

HJ2 = (µ/a)J2 (a/r)(α/r)2 P2(sin i sin u) (4)

Lidov–Kozai Model to Third Order
Lidov and Yarskaya5 use Lagrange planetary equations to inves-

tigate the secular evolution of the orbital elements of a satellite.
They average the perturbing function over the mean anomalies of
the satellite and the perturbing body and study the behavior of so-
lutions of the secular equations, finding seven integrable cases. Of
particular interest is their case 3 that was previously used by Kozai3

from the point of view of perturbation theory.
Kozai assumes that the short-periodic terms have little effect on

the satellite’s motion and starts from a Hamiltonian where all terms
in the mean longitude of the satellite are dropped. Furthermore,
he assumes that the third-body and the oblateness perturbations
are of the same order and performs canonical transformations to
eliminate the argument of the node in the rotating frame. After
the first-order transformation, Kozai finds an integrable system that
is exactly the same as Lidov and Yarskaya’s case 3. Therefore, we
denote the Lidov–Kozai model as a model where the influence of the
noncentrality of the planetary field and the third-body perturbation
are considered to be of the same order.

However, the Lidov–Kozai model averaged to first order misses
an important characteristic in the motion of an orbiter around a
planetary satellite: the nonsymmetric behavior of direct and retro-
grade inclination orbits due to the cosine of the inclination present
in H3b and clearly noted in Refs. 6 and 10. We provide a qualita-
tive analysis that reflects this characteristic and extend the canonical
transformations to a higher order.

Reduction by Normalizations
We assume that the main influence is due to Keplerian attraction

and that J2 ∼ O(ω/n)2. Then, using Eq. (4), we can write Eq. (3)
as a power series of ε

H =
2∑

i = 0

(
εi

i!

)
Hi (5)

where H0 =HK and

H1 = (1/ε)Hω, H2 = (2/ε2)
(
HJ2 + H3b

)
(6)

The fictitious parameter ε is of the order of ω/n, and, following the
example of previous works,13,14 we take some bound of |Hω/HK |
as the value of ε.

With the Hamiltonian written as a power series of ε, we can apply
perturbation methods based on Lie transforms. More precisely, we
implement two Lie transforms using Deprit’s method.15

To apply perturbation theory, we found it convenient to use canon-
ical (similar to) Delaunay variables l, g, h, L , G, and H , where the
conjugated momentums are defined by

L = √
µ a, G = L

√
1 − e2, H = G cos i (7)

For convenience, we drop primes in those variables coming from
the Lie transform processes.

Short-Period Elimination
Following the application made in Ref. 16 to the zonal problem

of the artificial satellite problem, we first reduce the problem to two
degrees of freedom by the classical Delaunay normalization (see
Ref. 7). This transformation averages the problem over the mean
anomaly for each order of perturbation, and the short period terms
are removed from Eq. (5). Up to third order, we obtain

H′ =
3∑

i = 0

(
εi

i!

)
H′

i (8)
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where

H′
0 = −µ2/(2L2)

H′
1 = −ω̃H

H′
2 = (1/4) J̃2µ(α2/p3)(3s2 − 2)η3 + (1/8)a2ω̃2(3η2 − 5)

× [2 − 3s2(1 − cos 2h)] + (15/16)a2ω̃2(η2 − 1)[(c − 1)2

× cos 2(g − h) + (c + 1)2 cos 2(g + h) + 2s2 cos 2g]

H′
3 = (45/16)a2ω̃2(ω̃/n)η(η2 − 1)[(c + 1)2 cos 2(g + h)

− (c − 1)2 cos 2(g − h)] (9)

with η = G/L and p = G2/µ and where we introduced new
constants

ω̃ = (1/ε) ω, J̃2 = (2/ε2)J2 (10)

and c and s are abbreviations for cosine and sine of inclination. Note
that all of the transformations are developed in closed form of the
eccentricity.

Elimination of Node
A further reduction is performed to remove the argument of the

node. Then, the reduced Hamiltonian depends only on the argument
of the perigee. The scheme we follow was applied to the motion of a
lunar orbiter,3 the stellar three-body problem,17 low artificial satellite
problems,18,19 and in a tesseral artificial satellite problem.13,14,20

Explicit expressions up to third order of the new Hamiltonian are

H′′ =
3∑

i = 0

(
εi

i!

)
H′′

i (11)

where H′′
0 =H′

0, H′′
1 =H′

1, and

H′′
2 = [

1
8 (ω̃/µ)2 L2G2

]{(1 − 3H 2/G2)[5L2/G2 + 4β/(G5 L5) − 3]

+ 15 (1 − H 2/G2) (1 − L2/G2) cos 2g}

H′′
3 = [

1
8 (ω̃/µ)2 L2G2

]
[(27/8)(ω̃/µ)2 L2 H/ω̃]

× [33 + 17H 2/G2 − 35L2/G2 − 15H 2 L2/G4

+ 15(1 − H 2/G2) (1 − L2/G2) cos 2g] (12)

The parameter β is defined by the ratio between the J2 and third-
body perturbations:

β = 1
2 J̃2(αµ3/ω̃)2 = J2 (α µ3/ω)2 (13)

This β is equivalent to other parameters used in the classical litera-
ture, except for a coefficient related to the semimajor axis a that is
not present here.

In geometric terms, the two Lie transformations result in a toral
reduction. In other words, after truncation, we have two integrals L
and H corresponding to the ignorable variables. As soon as the sys-
tem is integrated in g and G, we obtain 	 and h by two quadratures.

Therefore, we obtained an integrable one-degree-of-freedom
(DOF) problem in the variables g and G. To study this, we neglect
the terms H0 and H1 from Eq. (11). After recovering the initial
constants ω, and J2, we obtain

K= 1
16 (ω/µ)2 L4 × {−15e2s2 cos 2g

+ (3s2 − 2)[2 + 3e2 + 4β/(G3 L7)]

− δ[2s2 + (50 − 17s2 + 15s2 cos 2g)e2]} (14)

where e2 = 1 − G2/L2, s2 = 1 − H 2/G2, and we introduced the
function δ(L , H) given by

δ = 9
8 (ω/µ2)L2 H (15)

Note that |δ(L , H)| < ε because ε = 2|(ω/µ2)H ∗|L∗2, where L∗

and H ∗ are bounds for L and H .
The problem really depends on two dynamic parameters, H and

L , and on two physical parameters, β and ω/µ2. The latter are
fixed for each orbiter; the former will change within the constraints
of the model. The focus is usually put on the J2 variation, and this
explains why the semimajor axis appears as a fixed quantity in Lidov
and Yarskaya’s5 parameter β, later used as ε by Scheeres et al.6

The system defined by Eq. (14) is what we call the third-order
Lidov–Kozai model.

Differential System of Model
From the earlier Hamiltonian Eq. (14), we obtain the differential

equations of the third-order Lidov–Kozai model: ġ = ∂K/∂G and
Ġ = −∂K/∂g:

ġ = (3/8)(ω/µ)2(L4/G) × {−12 + 2(4 − 5s2) β/(G3 L7)

+ (1 + δ)[16η2 − 5(η2 − c2) (1 − cos 2g)]} (16)

Ġ = −(15/8)(ω/µ)2 L4s2(1 − η2)(1 + δ) sin 2g (17)

Equations (16) and (17) correspond to a one-DOF system. For a
fixed valueK= k0 of energy, we can solve Eq. (14) for cos 2g. Then,
sin 2g is a function of G and the parameters and Eq. (17) reduce to
a quadrature:

t − t0 =
∫

F

(
G; L , H, β,

ω

µ2
, k0

)
dG (18)

that uses a hyperelliptic integral. We are not interested in resolving
the quadrature. We present only a qualitative analysis of the flow,
as a function of the parameters involved. This sets up the specific
initial conditions. Specific solutions of the quadrature Eq. (18) can
be found in the literature.6

Europa Model
In the preceding study we considered both the oblateness and

third-body perturbations to be of the same order. However, we must
be more careful in investigating the relative influence of each per-
turbation when interested in a specific case. Thus, assuming that the
principal influence is due to Keplerian attraction, we write Eq. (3)
as

H = HK [1 + (Hω/HK ) + (H3b/HK ) + (HJ2/HK )] (19)

Calling HK
x = |Hx/HK |, confer with Eq. (4), we note that

HK
ω ≤ 2ω/n, HK

3b ≤ 2(ω/n)2(2 − α/a)2

HK
J2

≤ 2J2 (a/α) (20)

and we check the numeric values for the case of an orbiter around
Europa whose semimajor axis is between 1600 and 2300 km. Using
accepted values of Europa,6

ω = 2.0 × 10−5 s−1, µ = 3201 km3 s−2

α = 1565 km, J2α
2 = 1051.315 km2 (21)

we obtain

HK
ω < 0.08, HK

3b < 0.0053 ∼ 0.082

HK
J2

< 0.0013 ∼ 0.083

Note that the J2 effect is of higher order than the third-body per-
turbation for an orbiter around Europa. Therefore, considering the
upper bound of HK

ω as the small parameter ε, we write Eq. (3) as

H =
3∑

i = 0

(
εi

i!

)
Hi (22)
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where H0 =HK and

H1 = −ω̃H

H2 = ω̃2r 2[1 − 3(cos h cos u − cos i sin h sin u)2]

H3 = J ′
2(µ/r)(α/r)2 P2(sin i sin u)

with J ′
2 = (6/ε3)J2. If we apply perturbation theory to order O(ε3),

we arrive exactly at the third-order Lidov–Kozai model, Eq. (14).
Of course, the generating function of the transformation will be
different from the preceding case. Thus, to O(ε3), the third-order
Lidov–Kozai model applies to Europa, but this model also applies to
other dynamic systems provided they accept any of the two proposed
sortings of the Hamiltonian terms.

Twice-Reduced Hamiltonian System on S2

Once the Dealunay normalization removes the mean anomaly, for
each value of the integral L , the motion is obtained from Eq. (8) by
solving the differential system

ġ = ∂H′

∂G
, ḣ = ∂H′

∂ H
, Ġ = −∂H′

∂g
, Ḣ = −∂H′

∂h
(23)

and the quadrature

l =
∫ (

∂H′

∂L

)
dt

That is, each point of the reduced system (23) corresponds to a
different ellipse with a fixed semimajor axis. This orbit space is
characterized by the angular momentum G = x × X and the Laplace
vector A = (L/µ)[X × G − (µ/r)x] because they do not depend on
the mean anomaly. Alternatively, Moser orbital elements

f = A + G, g = A − G (24)

are used to represent the motion of the reduced system (23). (See
Ref. 21, for instance.) These elements have the same magnitude
g · g = f · f = L2 and can be identified with two points on a sphere
of radius L . That is, the phase space of the reduced system (23) has
the topological structure S2 × S2.

The second Lie transform removes the argument of the node, and
the third component of the angular momentum becomes an integral.
The double-reduced Hamiltonian Eq. (11) corresponds to a one-
DOF system related to the dynamics of the eccentricity and argu-
ment of perigee. However, the (g, G) representation corresponds to
a cylindrical map of the reduced space, where the dynamics around
circular orbits is complex because circular orbits are not represented
by a point, but by the border of the cylinder G = L . This virtual sin-
gularity is introduced by the cylindrical representation. As demon-
strated in Ref. 22, the double-reduced space of perturbed Keplerian
systems is diffeomorphic to a sphere S2, not a cylinder, whose radius
is a function of each pair of values (L0, H0).

It is on the sphere where we fully analyze the influence of each
parameter on the stability and bifurcations of frozen orbits. Using
the Coffey et al.23 variables,

ξ1 = G L e sin i cos g, ξ2 = G L e sin i sin g

ξ3 = G2 − 1
2 (L2 + H 2) (25)

we immediately check that the radius of the sphere is

R =
√

ξ 2
1 + ξ 2

2 + ξ 2
3 = 1

2 (L2 − H 2) (26)

For a fixed pair of values of the integrals (L0, H0), each point in
the sphere S2

L0,H0
corresponds to a family of ellipses differing in the

argument of the node. An arbitrary point on the sphere (ξ 0
1 , ξ 0

2 , ξ 0
3 )

corresponds to a family of ellipses with eccentricity and argument
of perigee given by

e = (
R − ξ 0

3

) 1
2
/

L , tan g = ξ 0
2

/
ξ 0

1

The “north pole” of the sphere (G = L) corresponds to a family
of circular orbits with inclination cos i = H0/L0. The “south pole”
(G = H ) represents the family of equatorial elliptic orbits with ec-
centricity e = √

1 − H 2
0 /L2

0, differing in the argument of the perigee.
Proceeding as Coffey et al.9 did, first we write the Hamiltonian

as K=K(ξ2, G). Then, the differential equations of the system on
the sphere are obtained from Liouville equations, ξ̇i = {ξi ,K},

ξ̇1 = 2G

(
∂K
∂ξ2

)
ξ3 −

(
∂K
∂G

)
ξ2

ξ̇2 =
(

∂K
∂G

)
ξ1, ξ̇3 = −2G ξ1

(
∂K
∂ξ2

)
(27)

Thus, Eq. (14) is transformed to

K = 1
8 (ω/µ)2G2 L2

[
2β (1 − 3H 2/G2)/(G5 L5)

+ 6 − 3H 2/G2 − 5L2/G2 + 15ξ 2
2

/
G4

+ δ
(
24 + H 2/G2 − 25L2/G2 + 15ξ 2

2

/
G4

)]
(28)

from which we obtain

ξ̇1 = 3
4 (ω/µ)2GL2ξ2

{
6 + (1 − 5H 2/G2)β/(G5 L5)

+ (1 + δ)
[
5ξ 2

2

/
G4 + 2 − 5(H 2 + L2)/G2

]}

ξ̇2 = − 3
4 (ω/µ)2GL2ξ1

[
6 + (1 − 5H 2/G2)β/(G5 L5)

+ (1 + δ)
(
5ξ 2

2

/
G4 − 8

)]

ξ̇3 = −(15/2)(ω/µ)2(L2/G)ξ1ξ2(1 + δ) (29)

Relative Equilibria
Our next task is to identify the equilibria in terms of the parameters

H and L (relative equilibria of the full system). The roots of the
averaged system in the open domain 0 < |H | ≤ G ≤ L have been
obtained using Delaunay variables from the equations ġ = 0 and
Ġ = 0. Here, we take the system on S2

L ,H to guarantee that we search
for all of the possible roots by equating Eqs. (29) to zero. The
condition, ξ̇3 = 0, shows that the equilibria, if any, can occur only
for ξ1 and/or ξ2 = 0.

We will identify all of the roots from an algebraic point of view.
Then, according to the dynamic constraints |H | ≤ G ≤ L and 0 � G,
and also the constrains imposed on the values of L by the model,
more restricted conditions are taken.

Roots at Poles of Sphere
From Eq. (29), we can see that the north and south poles

(ξ1 = ξ2 = 0) are always equilibrium points for any value of the pa-
rameters. They correspond to families of circular orbits and equa-
torial orbits, respectively.

Roots in Meridian ξ1 = 0 (g = ±90 Degree)
When ξ1 = 0, we obtain ξ̇2 = ξ̇3 = 0 in Eqs. (29). The last condi-

tion, ξ̇1 = 0, results in

3(1 − δ)L5G7 − 5(1 + δ)H 2 L7G3 + βG2 − 5β H 2 = 0 (30)

The equilibria correspond to the roots of polynomial (30), of degree
7 in G, that fulfill the condition |H | ≤ G ≤ L .

Roots in Meridian ξ2 = 0 (g = 0 and 180 Degree)
From the second equation of Eq. (29), again we obtain a polyno-

mial of degree 7 in G,

2(1 + 4δ) L5G7 − βG2 + 5β H 2 = 0 (31)

Again, the equilibria are the roots of Eq. (31) that satisfy
|H | ≤ G ≤ L .
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Bifurcations Lines and Regions in Parameter Plane (L, H)
Identification of regions on the space of parameters for which

there are a different number of roots implies a different qualitative
dynamic behavior. In carrying out this search, it is important to look
for possible multiple roots of the equations. The conditions that
must satisfy the parameters to obtain these multiple roots are the
bifurcation lines. In this paper we take fixed values for the physical
parameters: those corresponding to Europa. Then, we find bifurca-
tion lines in the (L , H) plane. These lines define several regions in
the parameter plane. Because of the information provided by bifur-
cation lines (appearance and disappearance of roots when crossing
them), we identify the number of roots in each region.

In the search for bifurcation lines we proceed as did Lidov and
Yarskaya.5 Basically, the bifurcation lines are of two types. The first
type is related to pitchfork bifurcations of families of orbits repre-
sented at the north and south poles of the sphere, which are always
roots of our system for any value of the parameters. We find con-
ditions on H and L for these bifurcations imposing on Eqs. (30)
and (31) that they take the values G = L or G = H . The second
type, saddle-center bifurcations, are related to elliptic orbits at spe-
cific inclinations. In this case, we find these bifurcation imposing
conditions for multiple roots.

Bifurcations in Meridian ξ1 = 0
Imposing the limit values for G in Eq. (30), we identify two bifur-

cation lines related to bifurcations of the poles. Thus, bifurcations
of the north pole (G = L) occur along the line

n ≡ 3(1 − δ)L12 − 5(1 + δ)H 2 L10 + βL2 − 5β H 2 = 0 (32)

(n for north), whereas bifurcations of the south pole (G = |H |) occur
along the line (s for south)

s ≡ 3(1 − δ)L5|H 5| − 5(1 + δ)L7|H 3| − 4β = 0 (33)

Bifurcations in Meridian ξ2 = 0
The limits on Eq. (31) give us bifurcations of the north pole

(G = L) along the line n0 (subindex 0 for g = 0 and 180 deg),

2(1 + 4δ)L12 − βL2 + 5β H 2 = 0 (34)

and bifurcations of the south pole (G = |H |) along the line s0

(1 + 4δ)L5|H |5 + 2β = 0 (35)

Other Bifurcations
We also find double roots that are not bifurcations of the poles

along the meridian g = 0 and 180 deg. They occur for the values of
L and H that satisfy the implicit relation

β2 − 77 H 10 L10[1 + 8δ(1 + 2δ)] = 0 (36)

obtained by equating Eq. (31) to its partial derivative with respect
to G. Equation (36) defines the bifurcation line m. However, it only
exists for double roots G(H, L) that satisfy the dynamic constraint
H ≤ G ≤ L . As we will see later, this double root corresponds to a
saddle-node bifurcation at ξ2 = 0.

Parameter Plane
Lidov and Yarskaya5 made a systematic study of the bifurca-

tion lines on the cylinder reduced space over the parameter plane
(σ = H/L , γ = β/L10). We make a similar analysis on the sphere
by adding higher order terms.

Note that we must fix the values of the parameters β and (ω/µ2).
Because the main motivation of this work is the study of the dynamic
behavior around Europa, we used the values given in Eq. (21) that
produce

β = 2.8274 × 1033 km20/s10

(ω/µ2) = 1.9519 × 10−12 s3/km6

Figure 1 presents the bifurcation lines and regions in the paramet-
ric plane (L , H). The numbers inside each region correspond to the
total number of equilibria (or frozen orbits). The two vertical dashed

Fig. 1 Bifurcation lines and regions in parameter plane.

lines bound the range of validity for an orbiter around Europa. The
lower bound L = 2300 km2/s corresponds to a semimajor axis equal
to the equatorial radius of Europa, and the upper bound is estimated
as follows. The commensurability of the third-body and J2 per-
turbations imply applying (HK

3b)
2 �HK

J2
to Eq. (20). We solve this

inequality for the semimajor axes, obtaining a � 4200 km, less than
one-third of the Hill radius rH ≈ 13,600 km. The conservative limit
L = 3000 km2/s (a ≈ 2800 km) for the upper bound corresponds to
two-thirds of the maximim value a = 4200 km.

Finally, note that, following the Descartes rule, the maximum
number of positive roots of Eqs. (32–36) is affected only by changes
in sign of the coefficients. Therefore, no fundamental changes are
expected for different values of β > 0. The case β < 0 of prolate
bodies is completely different and deserves a separate study.

Stability by Painting Flow
The flow can be represented by contour plots of the Hamiltonian

equation (14) that correspond to the orbits of the double-reduced
system. Alternatively, the values of the Hamiltonian equation (28)
can be used to assign colors to points (ξ1, ξ2, ξ3) on the sphere. Then,
each orbit is represented by a succession of contiguous points of the
same color. This technique is known as painting phase spaces,8,9

and is very useful for exposing the flow around the equilibria. The
only limitation is that we do not know the sense of the motion at
each colored trajectory. However, the evaluation of ġ in Eq. (16)
for just a few points will provide that sense. Finally, note that color
diagrams do not provide quantitative information because the color
coding is designed to enhance contrast, and the same color could be
assigned to different values of the Hamiltonian.

After finding the equilibria and their bifurcations in the (L , H)
plane as functions of the parameters, we investigate the stability
character of each equilibrium and discuss in detail the different
regions delimited by the bifurcation lines in Fig. 1. To understand
the flow, Fig. 2 presents orthographic north and south poles views of
the sphere in different regions of the parameter plane. In each case,
the values (L , H) are specified at the bottom of the corresponding
sphere, whereas the number of equilibria are at the top.

The analysis starts from the circular equatorial orbits that corre-
spond to L = |H |, the inclined straight lines of Fig. 1 that bound the
parameter plane. We refer to each region of Fig. 1 by the number
of equilibria with an index, when necessary, which is the sign of H
inside that region (positive for direct inclination orbits and negative
for retrograde inclination orbits).

Region 2+

This region is bounded by the lines n and L = H . Inside this
region, both poles are always stable equilibria. That is, we find sta-
ble circular inclined and elliptic equatorial orbits. Figure 2 shows
this with image 2, where the poles are elliptic fixed points and the
perigee of the elliptic inclined orbits rotates around the poles. For
decreasing values of H , the circular orbits become more and more
inclined, until the line n is found where a pitchfork bifurcation of
the north pole occurs. The circular orbits become unstable, and two
eccentric orbits bifurcate with their perigee frozen at 90 and 270 deg,
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2 4 6

(2500, 2380) (2600, 1700) (1800, 400)

8 4b 4c

(2500, 400) (5200, -4330) (5200, -4060)

Fig. 2 Phase portraits for different (L, H): abscissas, ξ2 and ordinates,
ξ1.

respectively. The inclination where this bifurcation occurs depends
on the semimajor axis. For a given value of a (or L) inclination
is obtained by solving Eq. (32) with H = L cos i . Thus, for exam-
ple, the stability of an orbiter in a circular orbit with an averaged
semimajor axis a = 2000 km (L ≈ 2530) changes at i = 45.29 deg.

Region 4+

This region is bounded by the lines n and n0, which join at the
origin, and the line m that is tangent to n0 at L ≈ 1819 (a ≈ 1034 km).
The north pole is unstable, the south pole is stable, and there are
two stable equilibria corresponding to two orbits with their perigee
frozen at 90 and 270 deg, respectively. As illustrated with image 4
in Fig. 2, orbits close to the stable equilibria show oscillation of the
perigee around the frozen value. In any other case the perigee rotates.
For decreasing values of H the eccentricity of the frozen orbits
notably increases. Thus, for instance, for an orbiter with an averaged
semimajor axis a = 2000 km (L ≈ 2530) we solve Eq. (30) for G.
For H = 1750, close to n, we obtain a frozen orbit with eccentricity
e = 0.13 and inclination i = 45.78 deg. For H = 1500, e = 0.39, and
i = 49.87 deg. For H = 1000, e = 0.66, and i = 58.14 deg.

For orbits close to the origin (L small) this region is bounded
by the line n0, where a new bifurcation of the north pole occurs.
Circular orbits become stable, and two new unstable eccentric orbits
bifurcate with their perigees at 0 and 180 deg and with inclinations
close to the critical inclination value of 63.4 deg. The other bound
of this region is the line m, where a saddle-node bifurcation occurs
at the meridians g = 90 and 270 deg. The stability of the poles does
not change at m.

Region 6
This region is bounded by the line n0 and the origin (image 6,

Fig. 2). Here, the north and south poles are stable equilibria. There
are two unstable equilibria corresponding to elliptic orbits with
perigee at 0 and 180 deg and two stable equilibria corresponding
to frozen elliptic orbits with perigees at g = 90 and 270 deg. Inside
this region, the influence of the oblateness clearly predominates over
the third-body perturbation. This behavior, analogous to that of the

“main problem” of the artificial satellite,23 is not of interest for an
orbiter around Europa because orbits in this region have smaller
semimajor axes than Europa’s equatorial radius.

At the border of regions 6 and 8 we find that n0 produces global
changes in the dynamics. The stable equilibria of the meridian ξ2 = 0
collapse to the north pole, which becomes unstable, and a saddle-
node bifurcation occurs with two stable and two unstable equilibria
at ξ2 = 0.

Region 8
Region 8 is bounded by the line n0 and both lines m, encompassing

direct (H > 0) and retrograde (H < 0) inclination orbits. Inside this
region we find eight equilibria: the unstable north pole, the stable
south pole, two unstable equilibria at ξ2 = 0 (g = 0 and 180 deg), and
four stable equilibria corresponding to frozen orbits with perigees
at 0, 90, 180, and 270 deg. Image 8 in Fig. 2 illustrates this behavior.

All of the frozen orbits are highly eccentric. For instance, for
a = 2000 km (L ≈ 2530) and H = 490, close to the upper line m,
we solve Eqs. (30) and (31) for G. From the first we obtain two
frozen orbits with e = 0.89, i = 64.93 deg, and g = 90 and 270 deg.
From the second, two frozen orbits with e = 0.84, i = 68.90 deg,
and g = 0 and 180 deg are obtained. All of these orbits impact the
surface of Europa.

Region 4−

Region 4− is bounded by the lines n, n0, m, and c. The behavior
of the retrograde inclination orbits in this region is completely anal-
ogous to that of direct inclination orbits in region 4+. Therefore,
image 4 in Fig. 2 illustrates the flow inside this region. The image
4c at the bottom of the Fig. 2 shows the flow close to the bifurcation
line c.

Region 4b
Region 4b is bounded by the lines c and s. The flow in this region

is illustrated in image 4b in Fig. 2. There are four equilibria: the
stable north pole, the unstable south pole, and two stable equilibria
at the meridian ξ1 = 0 (g = 90 and 270 deg). Despite that the number
of roots does not change between regions 4− and 4b, line c produces
dramatic changes in the perigee dynamics of retrograde inclination
orbits. Whereas in region 4b the south pole is unstable and the flow
rotates around the stable north pole, we find the opposite behavior in
region 4−: unstable north pole and rotation around the stable south
pole.

In fact, c is not a line, but an extremely narrow region bounded
by two branches of different lines that almost superpose each other.
Going from region 4b to region 4−, we first find the line s0, where
a pitchfork bifurcation of the south pole occurs. The south pole
becomes stable and two new unstable equilibria appear at g = 0 and
180 deg. Image 6 in Fig. 2 illustrates the flow in this small region,
despite its correspondence to region 6. These unstable equilibria
move very fast toward the north pole and immediately collapse in a
pitchfork bifurcation of the north pole at a new branch of n0.

Region 2−

Region 2− is bounded by the lines n and L = −H . The behavior
of the retrograde inclination orbits in this region is completely anal-
ogous to that of direct inclination orbits in region 2+. Therefore,
image 2 in Fig. 2 illustrates the flow on this region. Note, how-
ever, that region 2− only exists for a ≤ 7342.24 km (L ≤ 4847.94),
whereas region 2+ exists for any semimajor axis.

Region 2b
Region 2b is bounded by the lines s and L = −H . In this region,

a ≥ 7342.24 km, and we only find rotation of the perigee of the
retrograde inclination orbits around the poles, which are stable. The
stability of the equatorial orbits changes to instability at the line
s, where a pitchfork bifurcation of the south pole occurs with two
stable equilibria at the meridian ξ1 = 0 (g = 90 and 270 deg).
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Returning to Original System
In spite of the dynamic richness of our model, the region that ap-

plies to Europa is relatively simple. As shown in Fig. 1, we only
find the pitchfork bifurcation of the north pole in the meridian
g = ±90 deg, produced when crossing the lines n, and the saddle-
node bifurcation of elliptic orbits produced in the meridian g = 0
and 180 deg when crossing the lines m. If our analytical theory
represents the real problem, we should find similar behavior in the
original system.

For our comparisons, we use Ref. 10, where numerical continu-
ation of periodic orbits was used to determine stability regions for
an orbiter around Europa.

Our first comparison is related to the change in the stability of
almost-circular orbits. A variety of families of almost-circular pe-
riodic solutions of the nonaveraged system Eq. (1) was computed
in Ref. 10 for different repetition cycles. Reference 10 showed that
the stability character of the almost-circular periodic orbits (in the
rotating frame) changes at certain critical inclinations where eccen-
tric stable solutions bifurcate. We use the collection of critical orbits
computed there and compare them with the bifurcation line n. For
circular orbits, G = L and H = L cos i . Therefore, we write Eq. (32)
as

6 + 4β/L10 = [
1+(β/L10) + 9

8 (ω/µ2)L3 cos i
]
(3 + 5 cos2 i) (37)

and plot the line n in terms of semimajor axis and inclination.
Figure 3 shows the perfect agreement between analytical (full line)
and numerical results (dots).

Each point on the sphere corresponds to a family of orbits. Fur-
thermore, each equilibrium of the reduced system corresponds to a
family of frozen orbits with different arguments of the node. There-
fore, initial conditions obtained from equilibria of the reduced phase
space should correspond to a frozen orbit of the original, nonaver-
aged problem. This behavior can be easily checked. For instance, in-
troducing the values L = 2650 and H = 1000 in Eq. (30), we obtain
G = 1951.36 for the equilibria in the meridian g = ±90 deg. From
these values, without the need of undoing the canonical transforma-
tions, we obtain the orbital elements a = 2193.85 km, e = 0.69, and
i = 58.53 deg. A long-term propagation of these elements shows
small oscillations of the argument of the perigee 85 < g < 95 deg
and of the eccentricity 0.66 < e < 0.74. Figure 4 shows the evolu-
tion of e and g during a 1-year propagation. Furthermore, slight
modifications of the corresponding initial conditions easily lead to
an exact periodic orbit in the rotating frame after a 25-repetition
cycle, with averaged orbital elements a = 2177.17 km, e = 0.747,
i = 60.86 deg, and g = 270 deg. That solution is presented in Fig. 5.

With respect to the saddle-node, we introduce the values L = 2650
and H = 300 in Eq. (31), obtaining G = 675.3 for the unstable equi-
librium and G = 1537.8 for the stable equilibrium at the meridian

Fig. 3 Change in stability of almost circular orbits: ——, analytic vs
. . . , numeric.

Fig. 4 Frozen orbit, a = 2193.85 km and i = 58.53 deg, 1-year
propagation.

Fig. 5 Periodic orbit in
kilometers after 25 cy-
cles.

Fig. 6 Frozen orbit, a = 2193.85 km and i = 78.75 deg, 1-year
propagation.

Fig. 7 Periodic orbit in kilometers after 25 cycles.

g = 0 and 180 deg. A long-term propagation of the stable equilib-
rium (a = 2193.85 km, e = 0.81, and i = 78.75 deg) shows that it
corresponds to a frozen orbit whose argument of the perigee os-
cillates between 172 and 188 deg, and whose eccentricity oscil-
lates in the range 0.798 < e < 0.915 (Fig. 6). Again, we improved
these initial conditions to obtain a true periodic orbit in the rotating
frame after a 25-repetition cycle, with averaged orbital elements
a = 2253.39 km, e = 0.84, i = 76.53 deg, and g = 180 deg. Figure 7
presents the results.

Both preceding examples correspond to high-ellipticity orbits
that, of course, impact on the surface of Europa. We provide



120 SAN-JUAN, LARA, AND FERRER

them here to show the agreement between analytical and numerical
results.

Conclusions
A third-order analytical theory for the Lidov–Kozai model incor-

porates several relevant features of the dynamics around planetary
satellites, notably the nonsymmetry of retrograde and direct incli-
nation orbits and the existence of stable elliptic orbits that do not
bifurcate from almost-circular orbits. After the mean anomaly and
the argument of the node have been removed by Lie transforms,
classical polynomial algebra provides the complete description of
families of frozen orbits and their bifurcations.

The application of this model to Europa shows full agreement with
previous numerical results. The model is not restricted to Europa
and applies to other dynamic systems, provided that they accept the
sorting of the Hamiltonian terms proposed in this paper.

The results of this paper are directly applicable to the orbital
motion of the proposed Jupiter Icy Moons Orbiter mission to the
Galilean moons. However, the validity of our theory for practical
purposes is limited to a region close enough to the central body,
where Hill’s equations are suitable for modeling the planetary per-
turbation. Generating accurate ephemeris still requires a higher-
order theory. This work is in progress, and we expect to report a
fourth-order analytical theory in the near future.
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